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Let us assume that the channel only adds white gaussian noise 

with power spectral density 

 

How to process the received signal r(t) in the interval                  
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It is convenient to subdivide the receiver into two parts 

 

Demodulator: to convert the received signal waveform into a vector y 
whose dimension is equal to the dimension of the transmitted signal waveforms 

 

Detector: to decide which of the two (in case of binary transmission) possible 

signal waveforms was transmitted, based on observation of the vector y 
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Optimum receiver for binary modulated signals in 

AWGN  

Correlator-type receiver 

Case #1: binary antipodal signals 
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Optimum receiver for binary modulated signals in 

AWGN  

Correlator-type receiver 

Case #2: binary orthogonal signals 
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Where               is one of the two following orthogonal waveforms:  
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Optimal receiver in AWGN channel  

Matched Filter-type receiver 

  

 

 Fundamental result in communication theory on the: 

 

Detection of a pulse signal of know waveforms that is immersed in  

additive white noise 

 

 

 

MATCHED FILTER 

 

 

  

The matched filter (MF) is the optimal linear filter for 

maximizing the output SNR.  
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Hypotheses: 

1)            is a known pulse of finite energy 

 

2)         is a zero-mean noise with spectral density  
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Preliminar considerations: 
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Solution: 
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Solution: 

The maximum value is achieved when the 

equality holds, e.g. when: *
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If the noise is WHITE noise 
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Moreover, if                 is of finite duration between (0,T)  )(tsm
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Moreover, if                 is of finite duration between (0,T)  )(tsm
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The peak pulse signal-to-noise ratio of a matched filter depend only on the ratio 

of the signal energy to the power spectral density of the white noise at the filter 

input and NOT on the particular shape of the waveform that is used 
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The impulse response of the optimum filter qR, expect for a scaling factor k, is a 

time-reversed and delayed version of the input signal gR, that is “matched” to 

the input signal. 

No assumption has been made on the statistics of the channel noise, only that 

is stationary and white. 
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Examples: MATCHED FILTER of a rectangular pulse 
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Optimal receiver in AWGN channel  

  

Summary 

We have demonstrated that  for a signal transmitted over an AWGN channel, 

either a correlation type demodulator or a matched filter type demodulator 

produces the vector y 

which contains all the necessary information in r(t) 

 

 

Now, we will discuss the design of a signal detector that makes a decision of 

the transmitted signal in each signal interval based on the observation of y, 

such that the probability of making an error is minimized (or correct 

probability is maximized)  
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DETECTION THEORY 
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Observation Space  
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DETECTION THEORY 

MAP Decision Criterion 
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MAP Decision Criterion 
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DETECTION THEORY 

MAP Decision Criterion 
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DETECTION OF BINARY ANTIPODAL 

SIGNALS IN GAUSSIAN NOISE 

During a given signaling interval T, a binary baseband system will transmit one of 

two waveforms  
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At the end of each symbol duration T, the output of the sampler yields a 

sample y(T) called test statistic.  

y(T) has a voltage value directly proportional to the energy of the received 

symbol and that of the noise. 



 the output noise                                  is a zero mean Gaussian random variable 

 

 

 y(T) is a random variable with a mean of either                  where   
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Let us assume that the input noise w(t) is a random Gaussian process and 

the receiveing filter is linear 
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Notes: after a received waveform has been transformed to a sample, the actual 

shape of the waveform is no longer important; all waveform types that are 

transformed to the same value of y(T) are identical for detection purposes. 

Tha matched filter maps all signals of equal energy into the same point y(T) 

 

 

The received signal energy (not its shape!) is the important parameter in the 

detection process.  

This is why the detection analysis for baseband signals is the same as that for 

bandpass  

Since y(T) is a voltage signal that is proportional to the energy of the received 

symbol the larger  the magnitue of y(T) the more error free will be the decision 

process  
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Detection is done according to: 
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21, HH are the two binary hypothesis 

How to choose    ? 
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The likelihood ratio test and the Maximum A Posteriori 

Criterion 

 

The MAP (Maximum A posteriori criterion) select the threshold that 

maximize the a posteriori probability, i.e.: 
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The likelihood ratio test and the Maximum A Posteriori 

Criterion 
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If errors are uniformly distributed, this MAP criterion corresponds to a  

Minimum error criterion (on the average, it yields the minimum number of 

incorrect decision) 
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Maximum likelihood Criterion 

 

When the classes are equally likely (in case of two classes                           ) 

The MAP criterion is known as Maximum likelihood criterion         
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Maximum likelihood Criterion 

 

In case of binary decision, the optimum threshold is: 
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Error Probability 
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Error Probability 
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Prove the in case of binary ORTHOGONAL signals the probability of error is 



MAP receiver structure 

Method #1 (signal demodulator + detector) 
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MAP receiver structure 

Method #2 (integrated demodulator + detector) 
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MAP receiver structure 

Method #1 vs Method #2 



Decision Regions 
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Decision Regions 
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Decision Regions 

Example: QPSK modulation 
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Union Bound on the Probability of Error 

For binary equiprobable signaling over an AWGN channel, regardless of 

the signaling type, the error probability can be expressed as: 
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Where d is the Euclidean distance between the two signal points in the 

constellation 

 

Does it exist a simple expression for the error probability of the general 

equiprobable M-ary signaling? 

 

NO 

 

 

 

 

 

However, there is a simple upper bound known as UNION BOUND 
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Union Bound on the Probability of Error 

Let us assume that            is transmitted 

The proability of error is the probability that the receiver detects a signal 

other than 

 

Let          the event that message i is detected at the receiver   
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Union Bound on the Probability of Error 
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Union Bound on the Probability of Error 
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Union Bound on the Probability of Error 

0

2
min

4

0

min

1 2

1

2
)1(

1 N

d
M

mi
i

mM e
M

N

d
QMP

M
P






















 

  2

2

/1

x

exQ




Thi approximation is very useful for high SNR 

 

A good signal set should provide the maximum possible  mind



Probability of Error for M-ary PAM 



Probability of Error for M-ary orthogonal 

signaling 


